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0. INTRODUCTION 
Let P , ,..., P, be points of iPn(k), with s 2 n 2 2 and k = k an algebraically 
closed field. Let Z = Id 0 Id+ I @ ... , with Id # (0), be the ideal of P, ,..., P, 
in k[x,,..., xn] and let v(Z) denote the minimal number of generators of I. 
In this paper we shall be mainly concerned with the following problems: 
PROBLEM (A). Does there exist, for any given II and s, a non-empty 
Zariski open set U,,, c (IP”)’ such that if P = (p, ,..., P,) E U,,, and Z is the 
ideal of P r ,..., P,, then v(Z) is a constant independent of P and explicitly 
computable in terms of n and s? 
PROBLEM (B). If such an open set U,,, exists, can one find some dense 
subsets of it which are “easily” identifiable in some concrete geometric or 
algebraic way? 
The motivation for this study comes from several sources: first, the very 
stimulating treatments of Macaulay’s examples given by Abhyankar [A] and 
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by Geyer [G]. Also, the more recent papers by Geramita and Orecchia 
[GOl, GO21 and by L. Roberts [RI. In particular, [GO21 contains the 
statement of a conjecture about the expected value of v(Z), in Problem (A). 
Moreover, in the same paper [G02], it is shown that if P,,..., P, are in 
sufficiently “good” position in Ip”, then the homogeneous coordinate ring of 
these points is the tangent cone to an irreducible curve in A’+‘(k) at a 
singular point and the minimal number of generators for the ideal of P, ,..., P, 
is the same as the minimal number of equations needed (locally) to define 
the curve in Ant’(k). 
In our paper we give an affirmative answer to Problem (A) for n = 2 (and 
for any s). In this case the value we find for v(Z) is that conjectured in 
[G02]. We also give an answer to Problem (B) for several infinite cases 
which include, in particular, the cases already known, namely, s = ((d-i)+n), 
with n > 2, d > 2 (essentially given in [G]), s = (dz”) - 1 and 
s = (“i’) - 2, with n > 2, d > 2 [G02]. It seems very difficult to isolate the 
appropriate geometric or algebraic properties needed to solve Problem (B) 
for a given s, even when n = 2. We hope that the discussions of the answers 
we have given for (B) in special cases will be of some interest on their own. 
It is worth observing that during our study we were led to consider some 
different problems. In particular, we examine a question posed by 
Abhyankar [A, 4.61, namely: How does one find the smallest degree of a 
non-singular curve in ip* passing through a given finite set of points? We are 
able to give an answer for “almost all” sets of points in Ip2 (as well as 
answering the analogous question for hypersurfaces in Ip”, n > 2), when the 
base field, k, has characteristic zero. 
1. THE COORDINATE RING OF A FINITE SET OF POINTS IN Ip” 
Let S = {P, ,..., P,} be a set of s distinct points of f’“(k), k = k an 
algebraically closed field and n > 2. Each Pi corresponds to a prime ideal hi 
of height n in R = k[xo,..., xn]. By Hilbert’s Nullstellensatz, hi = (Li, ,..., Li,) 
where the L,, 1 <j < n, are linearly independent linear forms. 
We let Z=g,n . . . n /rs and let A = R/Z be the homogeneous coordinate 
ring of the algebraic set S. The ring A is a l-dimensional graded 
Cohen-Macaulay ring, A = CzO Ai, where A, = k and A is finitely 
generated as a k-algebra by A,. We may consider the Hilbert function, 
x(i) = dim, Ai, and it is well known that x is a non-decreasing function 
which is eventually constant. From the theory of multiplicity (see, e.g., [Sa] 
or (GOl], for this particular class of examples) one has that for i > > 0, 
x(i) = s. Our first observations about the Hilbert function of such rings are 
probably well known, but we could find no reference for them. 
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PROPOSITION 1.1. Let A = C& Ai be a l-dimensional graded 
Cohen-Macaulay ring where A,, = k is an infinite field and A is finitely 
generated as a k-algebra by A 1. Then 
(1) A = k[x,,,..., x,,]/I where I is an unmixed homogeneous ideal of 
height n. 
(2) If dim,A,.= dimkA,+i for some r > 0, then dimkA,.+, = 
dim,A,+,. 
(3) If I=Id@Id+l @ *a* ) with Id # (0) and t = least integer for 
which dim,A, = dim,A,-, , then I = (Id, Id+, ,..., It). 
Proof (1) is clear since A is Cohen-Macaulay, graded and l- 
dimensional. 
(2) Since k is infinite and A is Cohen-Macaulay, there is a non zero- 
divisor in A,. With no loss in generality we can assume it is X0. 
Multiplication by f0 is a k-linear transformation from Ai to Ai+, for every i 
and the assumption that X0 is not a zero-divisor implies that this transfor- 
mation is an injection. Thus dim,A, < dim, Ai+,. The assumption that 
dim,A, = dim,A,+ i implies that &A, = A,.+ I. To finish the proof it suffices 
to show A,+2=&,A,+,. 
Let f E A1+2, then f =F(xo,..., x,,) where F is a form of degree r + 2 in 
w O,..., xn]. We may write F = xoF, + xlF, + ... + x,F’, wheere each Fi is a 
form of degree r + 1 (possibly 0). Thus Fi(x,,,..., x,,) =X0 Gi(xo ,..., x,) for 
1 < i < n, since A r+, =&,A, (Gi is a form of degree r). 
Thus, 
f = F(x~,..., x,,) =xJ, + xlxoG, + .a. + xnxoG, 
=X,,(F,, +x,G, + ..a +x,G,) 
and so f E &AT+1 as was to be shown. 
(3) Let w={f~I,+,] f=CrzoxiA, fiEZ,}. If we can show that 
W=I,+, and that this results only from the fact that dimkA, = dim,A,-, , 
then we shall be done by (2). 
We may assume, as in (2), that X0 is not a zero-divisor in A and this 
simply says that x0 6! fl. 
Now if V is a vector space of forms (of degree d, say) in k[xO,..., x,], we 
shall write V’ = {f (0, x, ,..., x,J 1 f E V} and notice that V’ is a vector space 
of forms (also of degree d) in k[xl,..., xn]. 
Since x, @ fi we have dim,J = dim,Z, - dim,Z,-, . If we let ri = dim,A, 
we obtain 
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Since we are assuming rt = rl-, we thus have 
dim,I;= (‘fn(llT I)). 
But, this is the dimension of the space of forms of degree t in k[x, ,..., x,]. 
Thus, Z: = degree t graded piece of k[x, ,..., x,,]. Consequently, 
dim, W’ = 
(t+ 1)t(n-1) 
n-l 
Now dim, W’ = dim, W - dim,Z, and so 
dim, W = 
By (2) we have r,=r,+,, so 
dim, W = 
( 
(tt 1)+n 
n 
-r,+,=dim,I,+,. 
Since WE I,, , we obtain W = I,, , as we wished. 
Let’s now see what this proposition says for sets of points in Ip”. Let 
S = (P, ,..., P,} c P”, Pi ++ /zi in k[x, ,..., xn] and let I= /zr f? . . . n /zs = 
I,OI,+, 0 **’ 7 where Id # (0). Now the elements of I, are precisely the 
forms of degree r which simultaneously vanish at P, ,..., P,. 
If we consider the s x (“,“) matrix, G,(P, ,..., P,), whose (i,j)-entry is 
F,(P,) where the Fj’s, 1 <j< ( rz’ ), are the distinct monomials in 
k[x 0 v--*3 xn] of degree r, then (“i’ ) - rkG, = dim,Z,. If we set 
A = k[xo,..., x,1/Z= CEOAi, then 
dim,A, = dim,(degree r part of k[x,,,..., x,]) - dim,I, 
We obtain the following immediately from Proposition 1.1 and the 
remarks preceding it. 
COROLLARY 1.2. With the notation above, if rkG, = rkG,, , then 
rkG,=s=rkG,+(,for all t>O. 
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We may phrase these observations in geometric terms: If the passage 
through the points PI,..., P, imposes the same number of independent 
conditions to hypersurfaces of degree r as to hypersurfaces of degree r + 1, 
then they impose exactly s independent conditions to both and to forms of all 
higher degrees. Also, if the passage through P, ,..., P, imposes s independent 
conditions to hypersurfaces of degree r passing through them, then the same 
is true for hypersurfaces of degree r + t, t > 0. 
We retain the notation we had above: S = (P, ,..., P,}, S g Ip”, Pi- /zi, 
z=/l,n .-. n/2,, A =k[x, ,..., x,1/z. 
We have shown that 
i+ 1 <dim,Ai=rkGi<min (s, titn)) forO<i<s- 1 
and 
dim,A, = rkG, = s for i > s. 
Consequently, the slowest conceivable growth for the Hilbert function, in 
the case of s points, occurs when 
x(i) = i + 1, o<i<s- 1 
x(i) = s for i>s. 
This behaviour actually occurs and it is quite easy to characterize, 
geometrically, the sets of points for which it is exhibited. The proof is 
elementary. 
PROPOSITION 1.3. Let P 1 ,..., P, be distinct points in Ip”, Pi c) pi, 
z=jI,n ...nps, A=k[x, ,..., x,,]/Z=C&Ai. 
The following are equivalent: 
(1) p, ,***, P, lie on a line. 
(2) dim,Ai=i+ 1 forO<i<s- 1 anddim,A{=sfor i>s. 
(3) dim,Ai = i + 1 for some i, 1 < i < s - 2. 
(4) dim,A, = 2. 
We now give one simple application of Proposition 1.1. 
PROPOSITION 1.4 [G, G02]. Let PI,..., P, be points in [P” where 
s = ((d~~‘tn), n > 2, d > 2, and let Z be the ideal of these points. 
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Suppose that the Pi’s do not all lie on any hypersurface in Ip” of degree 
<d. Then, I=Id@Zd+, @ ..a and I= (Id) and so 
v(Z) = dim,I, = 
Proof: Let A = k[x, ,..., x,1/Z= CzOAi. Now dim,A,-, = s, by 
assumption, so dim,A, = s also. From Proposition 1.1(3) we obtain I = (Id). 
Thus, v(I) = dim,Z, = ( dL”) - s = (‘“;i’:“) as was to be shown. 
We now consider the other extreme for the possible behaviour of the 
Hilbert function for a set of points in Ip”, i.e., the fastest possible growth. In 
other words, using the notation we have employed earlier: P, ,..., P, a set of 
distinct points in ip”, I the ideal of the points, A = k[xo,..., x,1/I= Czl,A, 
the coordinate ring of the points and we want 
dim,Ai=min is, ciinj) for all i > 0. 
DEFINITION 1.5. A set of s points, PI,..., P,, in Ip” is said to be in 
generic s-position if the Hilbert function of the coordinate ring of these 
points, A = CzOAi, satisfies dim,A, = min(s, (‘z”)) for all i> 0. 
Note. This definition is different from the one given in [GO1 ] or [G02], 
but a little reflection will show they are equivalent. 
This behaviour of the Hilbert function is, in fact, what happens 
“generically.” More precisely, it was shown in [GO1 ] that the sets of s 
points of ip”, considered as points of = (Ip”)“, which are in 
s-times 
generic s-position form a non-empty open subset of (Ip”)‘. 
If P ,,..., P, are in generic s-position in (P”, I= I,@ Id+, @ 1.. , with 
Id # (0), the ideal of these points, then d is the least integer for which 
( di”) > s, i.e., the least degree of a form in k[x, ,..., xn] vanishing at P, ,..., P, 
is exactly d. Thus, if A = kjx,,..., xn]/I= CEOAi then dim,A,-, < s and 
dim,A, = s = dim,A,+ i. We thus obtain, as an immediate corollary of 
Proposition 1.1(3), a result from [G02]. 
COROLLARY 1.6. If P,,..., P, are in generic s-position in Ip”, Pi H hi, 
I=b,n ... n bS = Id @ Id+, @ .e. , with I, # (0), then 
*= (zd,ld+l)* 
Remarks 1.7. (1) The conclusion of Corollary 1.6 does not charac- 
terize points in generic s-position. If we take any 6 points on an irreducible 
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conic in Ip2 then they are not in generic 6-position. Yet, by Noether’s 
“AF + BG” theorem [F] the ideal of all forms vanishing at the given 6 
points is generated by the conic and any cubic passing through them. 
(2) The hypothesis of Proposition 1.4 actually implies that the points 
are in generic s-position in Ip”, for s = ((d-A)+n), and so one sees that 
Corollary 1.6 can, sometimes, be improved. 
(3) There is a classical notion of “general” position for points of ip”, 
namely: If {Pi,..., P,} c Ip” (with s > n + l), they are said to be in general 
position if no subset of n + 1 points lies on a hyperplane. 
So, for example, in Ip2 any set of s > 6 points on an irreducible conic are 
in general position but are not in generic s-position. On the other hand, it is 
easy to give examples of sets of s points in generic s-position not in general 
position. 
As there seems to be no useful characterization of the Hilbert function for 
the coordinate ring of sets of points in general position we have abandoned 
that classical notion. In this work we shall always be concerned with sets of 
s points which are, at least, in generic s-position. 
(4) If we couple Corollary 1.6 with the proof of Proposition 1.1(3), 
we see exactly what is needed to determine v(Z) when I is the ideal of s 
points of Ip” in generic s-position (see also [G02]). If we employ the 
notation of Corollary 1.6 and denote by W the subspace of Z,, , generated 
by Id, then 
v(Z) = dim,Zd + dim,Z,+ , - dim, W. 
Thus, for s points in generic s-position, the calculation of v(Z) is completely 
determined by dim, W. 
EXAMPLES 1.8. (1) We first want to show that if I is the ideal of s 
points in generic s-position in Ip”, then v(Z) does not depend only on s and II. 
(a) Let P, ,..., P, be 8 of the nine distinct points of intersection of 
two irreducible plane cubits C,, C,. A simple application of Bezout’s and 
Noether’s theorems shows that these points are in generic 8-position. Let 
I = I, 0 z, @ . . . be the ideal of these 8 points, and let W be the subspace of 
I, generated by Z3, i.e., by C, and C,. 
Claim: dim, W = 6. 
If not, there would be linear forms L,, L, (both # 0) such that 
L, C, = L, C,. Since C, and C, are irreducible we obtain L, = L, and so 
c1=c2.+ 
Thus v(Z) = 3. 
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(b) Now let P, ,..., P, be the points in P2 : 
p, p2 p3 p4 
L, 
p5 p, p, 
L2 
p, 
l 
These points are in generic 8-position since every cubic through them has 
the form L I L,L = 0, where L = 0 is a line through P,, and there are no 
tonics through these points. Let Z = I, @I, @ +.. and observe that I, 
generates generates a subspace of I, of dimension <6. Thus, v(Z) > 3 for this 
example. 
One of the obvious differences between these two examples is that in the 
first example the linear system of forms of least degree through the points 
had a finite number of base points while in the second example the linear 
system of forms of least degree through the points had a fixed component. 
(2) It is also possible that the linear system of forms of least degree 
through s points in generic s-position has a multiple (i.e., counted more than 
once) base point. 
TO see this consider two irreducible tonics, C and C’, which meet at three 
distinct points, P, , P,, P, , and (consequently) share a common tangent line 
at one of these points (say, P3), and consider two distinct lines L and L’, 
both missing P, , P,, P, and such that L (respectively L') is not tangent to C 
(respectively C’). 
Then the cubits F, = LC' and F, = L'C have the intersection cycle 
P,+P,+2P,+Q,+Q,+Q;+Q;+R. 
It is easy to see that the linear system of cubits through the eight points 
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{Pi, P,, P,, Q, , Q,, Q; , Q;, R} has (projective) dimension 1 (for example, 
by imposing to this system the passage through some new point on L) and 
so conclude that the points are in generic S-position. Thus, F, and F, 
generate the linear system of cubits through these 8 points and P, is a 
multiple base point. 
It is not difficult to show that, for this example, I, generates a 6- 
dimensional subspace of I, and so v(Z) = 3. 
From these examples and many others it became clear to us that 
properties of the linear system of forms of a given degree passing through a 
set of points would be crucial to our trying to give a description of an open 
set on which v(Z) is constant (for a given s and n). 
In the next section we shall show, at least for sets of points in Ip*, that for 
any given s there is a non-empty open set of (IP’)” on which v(Z) is constant 
and for which v(Z) can be determined. In subsequent sections we shall try to 
be more explicit and find some more easily identifiable “large” subsets of 
(IP’)” on which this is true, i.e., subsets which contain a non-empty open set. 
2. THE GENERIC VALUE OF v(Z) FOR POINTS IN Ip* 
It was conjectured in [GO21 that if P, ,..., P, are points of Ip2 in 
“sufficiently general” position (at least generic s-position) and 
Pio/zick[x,y,z] and Z=P,n...~n~=Z,OZ,+,O..., with Z,#(O), 
where d is the least degree of a curve passing through P, ,..., P,, then the 
subspace W of Z,, I generated by Id has dimension “as big as possible,” 
namely: 
dim, W = min(3 dim,Z,, dim,Zd+ ,), (*I 
i.e. (see Section l), the number of generators of Z is “as small as possible,” 
namely, if s = ((d-i)+2 ) + h, with d 2 2 and 0 < h < d, then 
v(Z) = (d + 1 - h) - min{d - 2/z, 0). (**I 
Now, in view of [G02, Proposition 181, the conjecture above (which 
actually was originally stated in ip”, with n > 2) is equivalent to the 
statement that the Cohen-Macaulay type of the ring k[x, y, z]/Z is “as small 
as possible.” 
If we think of a set of s points in Ip* as a point in (lP*)‘, then we shah 
show in this section that for any integer s > 0 there is a non-empty open 
subset of (IP’)” for which the conjecture is true. 
We start with some preliminary results. 
Let d = 2h (h > 1) be an integer and let L I ,..., L, be d distinct lines in ip * 
passing through the point [ 1: 0: 0] and Li ,..., LA be d distinct lines in p2 
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through the point [0: 0: 11. We also assume that all such lines are distinct 
from the axis y = 0. 
Let B, denote the following configuration of d(d + 2)/2 points: 
Ld Ld-I 4-2 L,-, L, L, L, L, L2 L, 
I 
I 
-T- 
I 
I - PA - I- 
:it -!- -T- -+- 
L’ d-3 
LA-2 
L’ d-l 
L:, 
where B,= (L,LznLILS)U(L,L,nn4=, L;)U~..U(Ld-,Ldn~~~, Lf). 
We will call B, the basic configuration of rank d and we will use the simple 
notation B, = (2, 2, 4, 4, 6, 6 ,..., d, d). 
LEMMA 2.1. With the notation above, the s = d(d + 2)/2 points of B, 
(d = 2h, h > 1) are in generic s-position. 
Proox We observe that s = d(d + 2)/2 = (“i ‘) - (h + 1). Thus, to prove 
the lemma, it suffkes to show that 
(i) the s points of B, lie on no curve of degree <d and 
(ii) they lie on exactly h + 1 independent curves of degree d. 
We prove both by induction on h, the case h = 1 being trivial. 
Now, (i) is immediate, since if F is a curve of degree <d passing through 
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the s points of B,, then F must have the lines Ldel and L, as components 
(by Bezout’s Theorem); hence, the other components of F give a curve of 
degree cd - 2 passing through the points of B,-,, which contradicts the 
induction hypothesis. 
To show (ii): we first observe that, by the induction hypothesis, there are 
at least (h - 1) + 1 = h linearly independent curves of degree d through the 
points of B,: it is enough to take h independent curves of degree d - 2 
through the points of B,_, and add (as a component) to each of them the 
conic L d-, L, = 0. Also, the curve Li . L; . . . . . LA = 0 contains the points of 
B, and is clearly independent of the h curves of degree d just considered. So, 
there are at least h + 1 independent curves of degree d through the points of 
B,. Now, if there were, say, h + 2 independent curves of degree d through 
the points of B,, then, by imposing to the linear system spanned by these 
curves the passage through a point Q E L, (Q 6Z Bd), we would get h + 1 
independent curves of degree d - 2 through the points of B,_, , which 
contradicts the induction hypothesis. This completes the proof of the lemma. 
Given any basic configuration B, (d = 2h, h > I), we derive two infinite 
families of configurations of points in generic position in P*. 
Let d = 2h (h > I), n > 0 be integers and let L, ,..., Ld+,, be distinct lines 
in P* passing through the point [ 1: 0: 0] and Lj,..., LL+,,, LL,,,,, be distinct 
lines in P* through the point [0: 0: I], and assume also that they are all 
distinct from the axis y = 0. Starting from the basic configuration, B,, we 
define the following derived configurations: 
Type 1. 
Type 2. 
d+n+l 
U . ..u Ld+,n n 
j=l 
We shall write for simplicity: 
B; = (2, 2,4,4, 6, 6 ,..., d, d, d + 1, d + 2 ,..., d + n), 
fi; = (2, 2,4,4, 6, 6 ,..., d, d, d + 2, d + 3 ,..., d + n + 1). 
Clearly, we have Bj: = gz = B,. 
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LEMMA 2.2. With the notations above, we have for any integers 
d=2h(h>l)andn>O: 
(a) the s points of Ba are in generic s-position, s = ((d+:‘t2) - 
(n+h+l), 
(b) the s points of Bz are in generic s-position, s = ((df:)t ‘) -(h + 1). 
ProojI (a) The proof is by induction on n (for any fixed d), the case 
n = 0 having been done in Lemma 2.1. 
n = 1: We must show that (i) the points of Bf, lie on no curve of 
degree d and (ii) they lie on exactly h + 2 independent curves of degree 
d+ 1. 
Now (i) is immediate, since there are no curves of degree <d passing 
through the points of B, = B, . (‘I Also, (ii) follows from an argument quite 
similar to the one developed in the proof of Lemma 2.1. 
n > 1: The proof is identical to the case n = 1. 
(d) The proof is by induction on n (for any fixed d) and runs exactly 
as in the case (a) above. 
PROPOSITION 2.3. Let .Y=(sEN/s>4, s#(“:‘), s#(“:‘)-1, 
d > 2 any positive integer}. 
Then there is either a basic configuration or one of the derived 
configurations which consists of s points, for s E ,Y. 
ProoJ Let s be any integer in .;I; there is a unique integer d > 2 such 
that 
i (d-;)+2)<s<(d;2)-l* 
We distinguish two cases. 
Case 1. d even, d = 2h (for some integer h > 2). 
(a) We first suppose (“i’) - h <s < (“:‘) - 1. Then we can write 
s=(“:‘)-(h’+l), where l<h’<h. Let d’=2h’ and put m=d-d’. 
Then the derived configuration @$ consists of exactly s points. 
(b) We now suppose ((d-i)t2) < s < ((d-~)i2) + h. Then we can write 
s=( (d-i)t2) + h’, where 1 <h’ <h. Let d’ = 2h’ and put n = d - d’ > 0. 
Then the configuration Bs, consists of exactly s points. 
Case 2. d odd, d = 2h + 1 (for some integer h > 1). 
(a) We first suppose (“~‘)-(h+I)~~<(~~~)-l. Then we can 
write s=(“:‘)-(h’+l), where l<h’<h. Let d’=2h’ and m=d-d’. 
Then the derived configuration firI has s points. 
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(b) Now suppose ( (d-l)t2) < s < (‘“-i’“) + h. Then we write 
s=( (d-:)+2) + h’, where 1 < h’ < h. Let d’ = 2h’ and n = d - d’. Then the 
derived configuration Bz, has exactly s points, and we are done in this case 
also. 
NOW, we shall show that the conjecture discussed at the beginning of this 
section is true for all configurations described above. 
First recall that: 
(1) The configuration Bz (d = 2h, h > 1, n > 0) consists of 
( (dt:)+2) - (n + h + 1) points and the forms of least degree vanishing at 
these points have degree d + n. Thus, dim,Z,+, = n + h + 1 and 
dhJd+n+ 1= 2(n+h+l)+(h+l). Hence, if n>O, we have: 
dimkZd+,+, < 3 dim,Z,+,. 
(2) the configuration Pd (d=2h, h> 1, n > 0) consists of 
( (d+:) “) - (h + 1) points and the forms of least degree vanishing at these 
points have degree d + n. Thus, dimkZd+, = h + 1 and dimkZd+,,+, = 
3 dim,Z, + n. 
PROPOSITION 2.4. Let B$, B”i (d = 2/z, h > 1, n > 0) be the 
configurations described above and let W,,, I@,, denote the subspaces of 
Z d+ n + , generated by Z,, with reference to Bz, B”:, respectively. 
Then 
(i) dim,W,=dim,Zd+,+,=2(n+h+1)+(h+1), 
(ii) dim, @” = 3 dimkZd+, = 3(h + 1). 
Proof: First we prove (i) and (ii) for n = 0, i.e., for all basic 
configurations B, = Bz = I?: (d = 2h, h > 1). Next, we will separately prove 
(i) and (ii), by induction on n. 
We start with any basic configuration B, and consider the following forms 
of degree d passing through the points of B, (see the diagram at the 
beginning of this section): 
Fd,, =L,L, ... L, 
Fd,* =L;L;L, ..* L, 
F,,, =L;L;L;L;L5 ... L, 
Fd.h = L;L;L; *.* L;-,L;-,L&,Ld 
F d,h+ 1 = L;L;L; ‘*’ LA-,& 
claim 1. Fd,,,Fd,2,-.,Fd,/,+, are independent forms over k and hence 
generate Z,. 
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We will proceed by induction on h, the case h = 1 being trivial. 
Suppose that the claim is true for h - 1. Since F,,i = FdpZ,iLd-lLd, 
1 < i < h, we obtain by induction that the forms Fd,, , Fd,2 ,..., F,., are 
independent over k. Also, Fd,h+, is clearly independent of these forms, which 
completes the proof of Claim 1. 
CZuim 2. The forms 
are independent over k. 
We shall proceed by induction on h, the case h = 1 being trivial (since 
B, actually consists of 4 points in uniform position). 
Suppose that the claim is true for h - 1. Any k-linear relation among the 
forms of (*) may be rewritten: c:r/ IiFdqi = 0, where I, ,..., I,,+, are linear 
forms in x,y, z. We further rewrite this as 
hence, L d-lLdllh+, nf=, Lj. But Ld-,J(njd,l L; and Ld,/‘nj”=, Lj, since, by 
construction, L,_ , = 0 and L, = 0 do not contain the origin [O:O: 11; hence 
L d-,Ldllh+, and so I,,+,- 0. Then, by the induction hypothesis, we have 
1, = . . . = I, = 0, which proves Claim 2. 
This completes the proof of (i) and (ii) for n = 0. 
We now prove (i) for n > 0. 
First let Bi be a derived configuration of the first type and consider the 
following forms of degree d + n passing through the points of Bs: 
F(n) 
d, I =Fd,, . Ldtl “’ Ldtn 
F(n) 
d.2 =F,T, ’ Ldtl “* Ldtn 
F(n) 
d,h+l = Fd,h+ 1 ’ Ldtl *” Ld+n 
F(“) 
d,h+2 =Fd,t,t, ’ Liit,Ld+2 *‘* Ld+n 
F(n) 
d,h+3 =Fd,hi,. L’ L’ L d+l d+2 dt3 "' L dfn 
---------------__-------------- 
F(n) 
d,hfn =Fd,htI .L’ L’ L’ dtl dt2 dt3”’ L:tn--lLdtn 
F(") 
d,h+n+ 1 - Fd,htl -L:t,L;t,‘** L;tn 
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Claim 3. FF’, , Fen’ , d,23"', Fl;f)r +“+ r are independent forms over k, hence 
generate Z,. 
The proof is straightforward by induction on n (these case n = 0 has been 
proved above). 
Claim 4. The forms 
(xFl;f~,yFi;l~(l,<i,<h+n+l}U{zFj;,!~l~j~h+l} (**) 
are independent over k. 
The proof is by induction on n (the case n = 0 has been proved above). 
Suppose that the claim is true for n - 1. Any k-linear relation among the 
forms of (**) may be rewritten: CFzi liFxi + ~ih_+~~~ GFyj = 0, where 
1, ,-.., &+, are linear forms in x, y, z and Z,,+2,..., h+n+, are linear forms only i
in x and y and hence vanish at [O:O: 11. 
We rewrite this as 
Hence, L d+n~~+n+,Fjlf~tn+,. But L,+,,)F~~,,+, since, by construction, 
L -d+n =0 does not contain the origin [0: 0: 11; hence Ldtnl&+n+l and so 
1 h+,, + , = 0. Then, by the induction hypothesis, we have I, = ... = 
1 -i -i htl- h+2=“‘- htn- = 0, which completes the proof of Claim 4 and also 
of statement (i). 
It remains only to prove statement (ii). 
Let as be a derived configuration of the second type and consider the 
following forms of degree d + n passing through the points of Z?z 
p 
d,l =Fci,, ’ Ld+ 1 “’ Ldtn 
pl) 
d,2 =Fd,z ’ Ld+ 1 ‘** Ldin 
F(“) -F 
d,htl - d,ht I .L dtl "' L dtn 
Claim 5. &)l, Q ,..., Q$, , are independent forms over k, hence 
generate Id. 
Claim 6. The forms 
are independent over k. 
The proofs of these claims are immediate by induction on n: actually, 
they are straightforward consequences of the corresponding claims for n = 0. 
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Thus, the proof of the proposition is complete. 
The following is now immediate: 
COROLLARY 2.5. With the notations of the proposition above, let ICd,nJ, 
L) denote the ideal of the points of the configurations Bz, &, respectively. 
Then: 
(1) Iki,rl) is always generated by forms of least degree, for any d = 2h 
(h>l)andforanyn>O. 
(2) Ln, is generated by forms of least degree if and only if n = 0. 
We now state the main result of this section. 
THEOREM 2.6. Given any integer s >= 2, there is a non-empty open set, 
sax u2,s, in (lP*)‘, contained in the open set of all s-tuples of points in 
generic s-position, with the following property: 
If (P, ,..., P,) E U2,S, and I = Id @ Id+, @ . . . , with I, # (0), is the ideal of 
the points P, ,..., P, in k[x, y, z], and W denotes the subspace of Id+, 
generated by I,, then 
dim, W = min(3 dim,I,, dim,I,+ ,). (*I 
ProoJ First observe that the relation (*) is always satisfied for any set of 
points of Ip* in generic s-position, if s = 2, 3, or if s = ((dpi)t *), d > 3 (cf. 
Proposition 1.4) or also if s = (‘i* ) - 1, d > 2 (see, e.g., Corollary 3.16). 
So, we may assume that s E %Y, where .Y is the set defined in the 
statement of Proposition 2.3. 
Now, from Propositions 2.3 and 2.4 it follows that for any s E 9, there 
exist s points in generic s-position P, ,..., P, satisfying (*), which is equivalent 
to saying (as we remarked at the beginning of this section) that the minimal 
number of generators of the homogeneous ideal of P, ,..., P, is as small as 
possible, i.e. (see, e.g., [G02, Proposition 18]), that the Cohen-Macaulay 
type of the coordinate ring of P, ,..., P, has the minimum possible value for a 
set of points in generic s-position. But this last condition is open (on the set 
of s points in generic s-position) as was observed in [R] and this concludes 
the proof. 
Remark 2.1. We note, in passing, that this gives an affirmative response, 
in A’, to the conjecture made by L. Roberts in [RI. 
Remark 2.8. We have mentioned several times that our conjecture on the 
value of v(I), for I the ideal of s points in generic s-position in Ip” (s 1 n), is 
valid on an open (possibly empty) subset of (II’“)‘. 
For the reader’s convenience we have included an elementary argument 
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which establishes this fact. We are very grateful to L. Roberts for this 
argument. 
Claim. LetsZnZ2beintegerswhere~=(~~“)--rwith l<r<(f’:). 
There is an open set US+, in (iP’>’ with the property that if 
P = (P, )...) P,) E U,,, then dim W is the maximum possible. 
ProoJ Let P, ,..., FN be all the monomials of degree d in k[xo,..., xn] 
(ordered in some way), and let U 5 (IP”)’ be the open set consisting of s 
distinct points in generic s-position. Let F = c1 F, + ... + c,F, be a general 
form of degree d. 
If P = (P, )...) P,) E U then FE Id(P1 ,..., P,) u 
c,F,(PJ + C2F2PJ + *** + cNFN(P,) = 0 
c,F,(P*) + c*F*(P*) + **. + c,FJP,) = 0 
(*I 
clF,(P,) + @G’s) + +.a + c,F,(P,) = 0. 
Since P i ,..., P, are in generic s-position we know that dim,l, = N - s; so, 
for fixed P E U, the coefficient matrix of the system of homogeneous 
equations above has rank =s, and hence an invertible s X s submatrix. 
By renumbering the monomials, if necessary, we may as well assume 
# 0. 
By the continuity of the determinant, we can, in fact, find an open subset 
Vc U, P E V, on which this determinant does not vanish. 
If we now solve these equations, on V, and let G,, i ,..., G, be the 
generators of Id we find that Gi has ci = 1, cj = 0, j # i, s + 1 < j < N, and 
all the other coefficients (between 1 and s) are algebraic functions of the 
coordinates of P, P E V, i.e., 
G s+l =f,+,,,F, + -.. +fs+l,sFs +Fs+, 
G si2 =fs+2,1F1+ -+. +fs+z,sFs + Fs+2 
GN =.h,,F, + ..a +fN,sFs + +F,, 
where the fS+j,i are rational functions defined everywhere on V. 
Now multiply these G’s by x,,, x1 ,..., x,, in turn, to get (n + l)(N - s) = M 
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forms of degree d + 1 which are the generators of R 1Z,(P) = W(P) for each 
P E I’. If we now form the M x ((d+A)tn ) matrix which expresses how the 
xiGj are linear combinations of the monomials of degree d + 1 in 
k[X (I,“‘, xn], we get that dim W(P) is the rank of this matrix. Since the entries 
of this matrix are all rational functions defined everywhere on V then the 
rank has its largest value on an open subset of I’. It is this open subset we 
call U,,,. 
3. SOME PROPERTIES OF LINEAR SYSTEMS OF HYPERSURFACES 
THROUGH A FINITE SET OF POINTS 
In the last section we showed that there is a non-empty open set, 
U,,, c (P2)‘, corresponding to a set of s-tuples of points of P2 in generic s- 
position, with the property that if P = (P, ,..., P,) E U,,, and Z is the ideal of 
the points P, ,..., P, in k[x, y, z], then v(Z) is a constant independent of P and 
moreover, it has the least value that can be obtained for s points of P2 in 
generic s-position. 
In this section we begin to take a different point of view. We make a 
careful study of a very interesting open subset of (IP”)’ (first introduced in 
(GO 1 ] and strictly contained in the open set of all s-tuples of points of P” in 
generic s-position), in the hope that v(Z) will be constant on some easily iden- 
tifiable, in a concrete geometric way, dense subsets of it. The main advantage 
of this approach is that if one is successful in showing v(Z) is constant on 
such a set, then it may be a simple matter to decide if a given set of points is 
in it or not. 
We saw, at the end of Section 1, that the existence of “extra” base points 
of the linear system of forms of least degree vanishing at a given set of s 
points in generic s-position can affect the number of generators for the ideal 
of those points. This is one of a few properties we have been able to identify 
as affecting v(Z). 
The first proposition of this section gives a criterion to decide if a 
collection of forms is a set of generators for the ideal of points in P”. 
PROPOSITION 3.1. Let R = k[x, ,..., x,], k = I? an algebraically closed 
field. Let P, ,..., P, be s distinct points in Ip” where Pitt fii c R, and let 
I=/l,r? ..* nfls. 
Let F, ,..., F, be forms in Z and set J = (F, ,..., F,). If we have: 
(1) @=I, 
(2) for each i, 1 < i < s, there are forms Hi ,,..., Hi” in J such that 
{ Hi,i = 011 ,< j < n} meet transversally at Pi, 
(3) J is an unmixed ideal, then J= I. 
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Proof: (1) says that the minimal primes lying over J are precisely 
j, ,***, ps. 
(2) says that the hi-primary component of J is /zi. 
(3) says that the irrelevant maximal ideal of R is not associated to J. 
We now recall a definition that was introduced in [GO 1 ] and reexamine it 
in the light of Proposition 3.1. We are able to give now insight into the 
usefulness of that definition and also to see why it has limitations. 
DEFINITION 3.2. The points S = {PI,..., P,} s Ip” are said to be in 
untform position if every subset of t points of S, 1 < t ,< s, is in generic t- 
position. 
Remark 3.3. It was shown in [GO11 that the sets of s points of Ip” in 
uniform position describe a non-empty open subset of (Ip”)‘. 
The most useful fact that we have been able to discover about the linear 
system of hypersurfaces of least degree through a set of points in uniform 
position concerns the irreducibility of the generic member of that system. 
There are indications of the possibility of such a result in [G] and [G02]. 
The usefulness of such a result is especially evident in Ip*; for in that case we 
must then have, by Bezout’s Theorem, that the linear system of curves of 
least degree through the points has only a finite number of base points. (Note 
that in Example 1.8(b) the points are not in uniform position.) We now state 
the result more precisely. 
THEOREM 3.4. Let P 1 ,..., P, be points of Ip” in t&form position and 
write s = ((d-i)+n ) + h with 0 < h < (‘“;r):“), n > 2, d > 2. Then: 
(i) the set 9 of all reducible hypersurfaces of degree d through 
P , ,..., P, is an algebraic set of dimension n - 1 - h in IPN, N = ( “f; * ) - 1, 
(ii) tf h > n, every hypersurface of degree d through P, ,..., P, is 
irreducible. 
The proof of this theorem will follow from two lemmata. 
LEMMA 3.5. Let n > 2, d > 0 beJxed integers, and consider the function 
f(x)= (“y) + ( (d-;)+n) 
on the interval 0 < x < d, x E Z. Then, 
(a) f(x)=f(d-x)for O<x<d, 
(b) f strictly decreases on the first half of the interval, i.e., ifd is even, 
f (0) >f (1) > ... >f (d/2), 
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and tf d is odd, 
f(O) >f(l) > ... > f((d - I)/21 =f((d + 1 PI. 
Proof (of Lemma 3.5). (a) is clear so we need only prove (b). 
Notice that f(x) > 0 on this interval and that the second difference off. 
dzf= d(df) = (;‘I) + ((-2;::d-x)), is also >0 when n > 2 and 0 <x < d. 
It follows, from the difference calculus, that f strictly decreases to its 
minimum on the interval and then strictly increases. The symmetry off then 
gives the desired result. 
LEMMA 3.6. Let P,,..., P, be points in Ip” in uniform position, where 
s=( (d-i’in) and n > 2, d > 2. 
Then: 
(a) Any reducible hypersurface F = 0 of degree d through P, ,..., P, has 
equation G . H = 0 where G = 0 is a hyperplane and H = 0 is an irreducible 
hypersurface of degree d - 1; the only exception being when n = 2 and s = 10 
in which case there are precisely 126 reducible plane quartics through the 
points, each formed b-v two distinct irreducible tonics. 
(b) Each reducible hypersurface, F = 0, of degree d through P, ,..., P,Y 
belongs to a linear system of (projective) dimension >l of reducible hyper- 
surfaces all having as a fixed component either a hyperplane or a hyper- 
surface of degree d - 1 (the only exception being the case n = 2, s = 10). 
(c) The set, .2’, of all reducible hypersurfaces of degree d through 
P , ,..., P, is an algebraic set of dimension n - 1 in Ip” (N = (“in) - 1) which 
consists precisely of r = x1=, ri distinct algebraic sets of dimension n - 1, 
say, 
T’ 1) I ,...’ T”‘. 732’ II ’ 
T’2’. . T;“’ ,..., T;:’ 1 ,*,*1 j-> ,.,.Y 
where T”’ g Ip n i 
ii x pi-‘, with 1 5 i 2 n, 1 2 lj 5 ri, and ri = (S), i = l,..., n 
(the only exception being when n = 2 and s = 10 in which case we have, in 
addition, 126 reducible plane quartics through the 10 points, each formed by 
two distinct irrreducible tonics.) 
Proof (of Lemma 3.6). (a) Let F = 0 be a reducible hypersurface of 
degree d through the points and write F = GH where deg G = r, 
deg H = d - r. Since the points P, ,..., P, are in uniform position we must 
have: 
(r~n]-l+((d-~+n)-l)((d-~)+n)=s, i.e., 
(“,n)+((d-~+n)~((d-~)+n)+2. 
(*I 
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Now, this inequality holds for r = 1 or r = d - I and we want to show 
that (*) does not hold for any integer r with 1 < r < d - 1. (We may as well, 
then, assume d > 4.) By Lemma 3.5, the function f(x) = (“z”) + ( (d-c)+n) 
decreases (on half the interval) and is symmetric, so to show that (*) does 
not hold for 1 < r < d - 1, it suffices to show: 
f(2)=[2~n)t[(d-~)tn]<[(d-~)‘n]+2 for d>4,i.e., 
i 
(d-2)+n 
n-l )>[‘in)-2 for d>4. (**I 
We distinguish two cases: 
I: n > 3. For a fixed n, the left side of (**) increases as d increases, 
so it would suffice to show (**) for d = 4, i.e., to show 
i.e., 
i.e., 
n+l i 1 3 >n-1. 
But, this is the same as showing n3 - 7n + 6 > 0, which is always true if 
n > 3. 
II: n = 2. In this case (**) is clearly satisfied for d > 4, while for 
d = 4 we have equality in (**), Thus, for this exceptional case we have 
precisely f( \“) = 126 distinct reducible plane quartics through the 10 points, 
each formed by two distinct irreducible tonics. 
That completes the proof of (a). 
(b) We assume first that (n, s) # (2, 10) and let F = 0 be a reducible 
hypersurface of degree d through P, ,,.., P,. Write F = GH where G = 0 
denotes a hyperplane and H = 0 denotes a hypersurface of degree d - 1. We 
shall denote by U, U, respectively, the number of Pi)s lying on G = 0, H = 0 
so that I < u ,< n, 1 < u < ((d-A)+n ) - 1. For convenience we may assume 
P , ,..., P, lie on G = 0. 
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We distinguish three cases (here we assume n 2 3 as the case n = 2 is very 
simple): 
I: u = 1. In this case, F belongs to the linear system of hypersurfaces 
of degree d through P,,..., P, which all have the hypersurface H (passing 
through P, ,..., P,) as a fixed component. 
II: 1 < u < n. In this case F belongs to a linear system of hyper- 
surfaces of degree d through P, ,..., P, all having, as a fixed component, either 
a given hyperplane through P, ,..., P, or a given hypersurface of degree d - 1 
through P,, , ,..., P,. 
III: u = n. In this case F belongs to the linear system of hyper- 
surfaces of degree d through P,,..., P, which have, as a fixed component, the 
hyperplane through P, ,..., P,. 
This proves (b). 
(c) We may as well suppose (n, s) # (2, 10). 
From the discussion in the proof of (b), we see that for any integer i, 
1 2 i 5 n, we have two different types of linear systems of reducible hyper- 
surfaces of degree d through P, ,..., P,. Namely, we have linear systems, xi, 
of dimension i - 1 having a hyperplane (containing i of the s points) as a 
fixed component and also linear systems, C(, of dimension n - i, having a 
hypersurface of degree d - 1 (containing the remaining s - i of the given s 
points) as a fixed component. Then it is clear that every reducible hyper- 
surface of degree d through PI,..., P, can be expressed as a product of an 
element of Ci and an element of Xl, for some i (1 5 i 2 n). 
This completes the proof of the second lemma and we now proceed to the 
proof of the theorem. 
Proof (of Theorem 3.4). First observe that the set of all reducible hyper- 
surfaces of degree d through (Cd-L)fn ) + 1 points in uniform position in P” is 
an algebraic set of dimension n - 2 in PN whose components are still of the 
same form as those described in the proof of Lemma 3.6(c). More precisely 
(keeping the notation introduced in the proof of Lemma 3.6(c) fixed) if we 
impose the passage through a further point in uniform position to all 
reducible forms of degree d through ((d-i)+“) points in uniform position, 
then we easily get that for i = 1 or i = n, each component Tjl’ of R” gives rise 
to a linear subspace in P” of dimension n - 2, while for 1 < i < n (n 2 3), 
each component T 
Ip”-i-1 x pi-) pj:i 
gives rise to two algebraic sets of the form, respectively, 
Finally, (ii) follows 
X Pip’. If we iterate this argument we get (i). 
immediately from (i) and so we are done. 
Remark 3.7. Theorem 3.4 becomes very simple when d = 2. In fact, 
Lemma 3.6 is still valid in that case. 
The following is now clear. 
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COROLLARY 3.8. IfP,,..., P, are points in iP”(n > 2) in uniform position 
then the linear system of forms of least degree through P, ,..., P, contains a 
non-empty open subset of irreducible forms; i.e., the generic form of least 
degree through P, ,..., P, is irreducible. 
Remark 3.9. Theorem 3.4, Lemma 3.6 and Corollary 3.8 extend some 
work by Geyer in [G] and Geramita and Orecchia in [G02]. We point out, 
however, that it is not difficult to show that these results of ours are not 
generally valid under the weaker assumption that the s points of P” are just 
in generic s-position. 
COROLLARY 3.10. If P,,..., P, are points of ipz in untform position and 
((d-:‘t ‘) < s < ( d:2) - 1, then the linear system of curves of degree d 
through P, ,..., P, has only) finitely many base points. 
Proof: This is an immediate consequence of Corollary 3.8 and Bezout’s 
Theorem. 
Remarks 3.11. (1) If P, ,..., P, are as in Corollary 3.10 and a denotes the 
number of base points (counted properly) of the linear system of curves of 
degree d through PI,..., P,, then we have ssa5d2. If s=(d:2)-2 then 
CI = d* (and conversely), but, if ((d-i)+2) < s 5 (“l’) - 3, we may have 
s < a: an explicit example, for s = 12, is described in Example 4.1. 
(2) Corollary 3.10 does not extend, in general, to P” for n > 2. On the 
other hand, it is worth noting that if, more generally, P, ,..., P, are points of 
P” (n 2 2) in generic s-position, then the linear systems of all forms of a 
given degree through P,,..., P, (but not of the least degree) have no base 
points other than P,,..., P,. This is a simple consequence of Corollary 1.6. 
There is, however, a more striking result for these linear systems. 
PROPOSITION 3.12. Let P,,..., P, be points of V(k) (char k = 0) in 
generic s-position and let I = Id @ Id+, @ . . . , with Id # (0), be the ideal of 
these points. The generic hypersurface in Idfr(r > 0) is non-singular (hence 
irreducible). 
Proof: First observe that it is enough to prove the proposition for r = 1. 
Suppose every hypersurface of degree d + 1 through P, ,..., P, is singular, 
then, by Bertini’s Theorem [GH], every form in Id+, would have to have a 
singularity at one of the base points of Id+ i, say, P, (since, as mentioned in 
Remark 3.1 l(2), P, ,..., P, are precisely the base points of Id+ ,). Thus, every 
hypersurface of degree d through P, ,..., P, would also have a singularity at 
P, and hence, by Corollary 1.6, every hypersurface through P, ,..., P, would 
have a singularity at P,. But, there is certainly a form in 1, (e.g., the product 
of s suitable linear forms) which does not have a singularity at P, and so we 
obtain a contradiction. 
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Remarks 3.13. (1) We note that S. Abhyankar, in [A], raised a question 
about the least degree of a non-singular curve passing through a given set of 
points in Ip’. Proposition 3.12 coupled with Corollary 2.5(l) and Theorem 
2.6 gives a partial answer to that question, in characteristic zero. 
(2) In the same spirit as in the proof of Proposition 3.12 one can 
show (using the notations of that proposition) that the linear systems given 
by Idtr (r > 0) have transversal crossings (in the sense of Proposition 
3.l(ii)) at the points P, ,..., P,. It follows from Proposition 3.1 that if 
char k = 0, then the ideal generated by Idir (r > 0) is never unmixed. 
Now let P, ,..., P,y be points in generic s-position in I!;“, 
I=zd@zd+, @ ... ) with I, # (0). We consider an implication of I, being 
generated by a regular sequence (obviously possible only if dim,J, 5 n). 
PROPOSITION 3.14. Let R = klx, ,..., x, ] and let F, ,..., F, be a regular 
sequence of forms in R where deg Fi = d, I 5 i 5 m. Let J = (F, ,..., F,) = 
JdGJd+, Q ... . 
Then dim,J,+, = m(‘;“)for 0 2 1 < d. 
Proof. The proof is by induction on m and uses only the fact that Fi is 
not a zero-divisor in R/(F, ,..., F;_ ,). 
COROLLARY 3.15. Let P, ,..., P, be points of Kl’” in generic s-position, 
where s= (“i” )-A, 1 SASn, and let I=Id@Id+,@... be the ideal of 
these points. If I, contains a regular sequence of length A, then 
In particular, this is the case if P, ,..., P, are in uniform position and A = 2. 
Proof. The proof is clear from 3.14 and Remark 1.7(4). The special case 
is Corollary 3.7. 
Note that this corollary generalizes Propositions 5 and 10 of [ GO2 I. 
4. MISCELLANEOUS EXAMPLES AND REMARKS 
In the original draft of this paper we had a (rather lengthy) proof that for 
I the ideal of s = ( (d-i)+ ‘) + 1 points of ip2 in uniform position, I = (1,) and 
so v(Z) = d. In the intervening years a much simpler proof of this has been 
found (see A. Geramita, “Remarks on the Number of Generators of Some 
Homogeneous Ideals”), so we shall not repeat our original proof here. 
Coupling this result with Proposition 1.4 and Corollary 3.15, the smallest 
cases for which we do not have a good description of a “large” set in (p2)’ 
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on which v(l) has the constant value given by Theorem 2.6 are s = 12, 17, 
18, 23, 24, 25 ,.... We now show that already for s = 12, the notion of 
uniform position is not enough to give a “good” open set in (ip’)” (in the 
sense of Problem (B) stated in the Introduction). 
EXAMPLE 4.1. We will show that there are 12 points in uniform position 
in p’(k) (char k = 0) such that the linear system of all plane quartics 
through the 12 points has a further base point (hence the ideal of the 12 
points requires at least 4 generators). 
Let C be a non-singular plane cubic and consider two “sufficiently 
general” quartic surfaces in IP3(k) which contain C. The residual intersection 
of the two quartics is a curve D of degree 13 which, by Bertini’s Theorem 
(cf. [Ha, pp. 274-275]), we may assume is irreducible. By liaison [PSI, D is 
projectively Cohen-Macaulay and lies on no cubic surface. Let r, A denote, 
respectively, the generic plane sections of C and D with a plane, II. Then r 
consists of 3 distinct colinear points (on the line, say, L, in rc) and A consists 
of 13 distinct points in 71 which lie on no cubic curve in 71 (D is projectively 
Cohen-Macaulay). By the Uniform Position Lemma (cf. [HI), any twelve 
points of A are in uniform position in the plane TC. On the other hand, in view 
of the Cayley-Bacharach Theorem (see [GH] or [SRI), any plane quintic 
having the line L as a component which passes through 15 of the 16 points 
of TV A necessarily contains TV A. Hence the 13 points of A lie on all the 
plane quartics containing any 12 of them. This gives the desired example. 
Remark4.2. In a preliminary announcement of the results of this paper 
(C. R. Math. Rep. Acad. Sci. Canada 4(3) (1982) 179-184) we incorrectly 
claimed that the ideal of 12 points in uniform position in IP2(k), char k = 0, 
is generated by the three quartics through the points. 
We introduce a new definition (motivated by a result of L. Roberts in 
PI). 
DEFINITION 4.3. Let Pi,..., P, be distinct points in Ip” (n 2 2), and let 
I=Id@Id+l @ *** ) with 1, # (0), be the ideal of these points. Then P, ,..., P,y 
are in transversal uniform position if: 
(1) the points are in uniform position; 
(2) dim,l, 2 n; 
(3) there are n independent forms in I, which meet in precisely d” 
distinct points. 
PROPOSITION 4.4. Let s be an integer such that 
t (d-i)+n )<sz (“fi”] -n, 
with nz2,dz2. 
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Then there is a non-empty open set in (IP”)’ whose points correspond to a set 
of s-tupbs of points of Ip” in transversal uniform position. 
Proof In case s = (“in) - n, the proof is essentially given in [RI. 
So, let ( (d-;)+n) 5 t < s = (di”) - n and let U be a non-empty open set in 
(pn)’ representing s-tuples of points of Ip” in transversal uniform position. 
Consider the projection 71: (p’)’ + (IP”)‘, on the first t “coordinates.” 
Since rc is a surjective morphism, Z(U) is dense in (Ip”)‘. Hence, X(U) 
contains a non-empty open set [Sh, p. 501, whose points correspond to a set 
of t-tuples of points of Ip” in transversal uniform position, and so we are 
done. 
COROLLARY 4.5. Let s=(~~~)-A, with nz2, dz2 and 1zAsn. 
Then there is a non-empty open set, V,, in (ip”)” whose points correspond to 
a set of s-tuples of points in Ip” in generic s-position with the following 
property: 
If I = Id@ Id+, @ .a. is the ideal of (P,,..., P,) E VA, then Id contains a 
regular sequence of length A, hence (Corollary 3.15) 
d+n 
v(Z)= n--l -A(n-1). t ) 
Proof If s = (dL”) - n, then the result follows from Proposition 4.4, 
since any n forms of degree d in k[x,,,..., x,,] having exactly d” distinct 
common zeroes in ip” form a regular sequence of length n. 
So, let (d~n)-n=s<~=(d~n)-A (AZ 1). Consider the projection 
7~: (Ip”)‘+ (Ip”)’ on the first s “coordinates” and let W=7cp1(Vn)flcYf, 
where .V: denotes the open set in (IT’“)” whose points correspond to s-tuples 
of points of ip” in generic s-position. 
We wish to show that if (P, ,..., P,, P,, i ,..., P,) E W, then Id(P, ,..., Pt) 
contains a regular sequence of length A, so that we can write I’, = W. Let 
F , ,..., FA generate I,(P, ,..., PJ as a k-vector space, then there are n -A 
forms of degree d, say, G, ,..., G,-*, such that F, ,..., F,, G, ,..., G,-, 
generate I,(P, ,..., P,) as a k-vector space. As we noted at the beginning of 
the proof, the forms F, ,..., FA, G, ,..., G,_, form a regular sequence, hence 
F , ,..., F,l also form a regular sequence and so we are done. 
Remarks 4.6. (a) It follows from Proposition 4.4 that for any integer s, 
such that ( ‘d~~‘t”)~s~(d~n)-n(n~2,d~2),thereisanon-emptyopen 
set, V,,,, in ([P”(k))” (char k= 0), with the following property: if 
(P 1 ,-.., P,) E v,,, then the generic form of least degree through P,,..., P, is 
non-singular. This provides an answer to Abhyankar’s question (see also 
Remark 3.13) as well as to the analogous question for hypersurfaces in ip”, 
n > 2. 
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(b) The incorrect claim mentioned in 4.2 was propagated, in the 
announcement referred to there, to an incorrect claim that the ideal of 
s = (“i ‘) - 3 (d 2 4) points in transversal uniform position in P*(k) (char 
k = 0) is generated by d - 1 elements. 
We now report on an example which gives some idea of the difficulties 
that arise when the questions we have discussed are considered in P” for 
n > 2. 
In [RI, L. Roberts showed that if P, ,..., P,T E P” are in generic s-position 
with (df,n)-(n-l)ls<(dLn), nz2, dz2, then the Cohen-Macaulay 
type of the coordinate ring of these points does not depend on the points but 
only on n and s. 
In that same range we do not have that v(Z), Z the ideal of points, depends 
only on n and s; specifically: 
EXAMPLE 4.7. If P , ,..., P, are 8 points of P3 in uniform position then 
v(Z) = 6 (Corollary 3.15). 
If iQ,m Q,l are chosen in P3 in the following way: (Q,,..., Q6) lie on a 
plane ZZ, where Qs is the point of intersection of the line through Q, and Q2 
with the line through Q3 and Q4 and Q6 is on neither line, Q, and QB are 
arbitrary points not on ZZ, then {Q, ,..., Q, ) are in generic 8-position and their 
ideal I satisfies v(Z) = 7. 
Finally, let P, ,..., P, be s points of IP”(k), n 2 2, in uniform position and 
A = k[xO,..., x,1/Z be the homogeneous coordinate ring of these points. In 
[GO I] it was shown that A is a Gorenstein ring if and only if s = 2 or 
s = n + 2. We find v(Z) in these cases. 
Note that if s = 2, Z is a complete intersection and so v(Z) = n. 
PROPOSITION 4.8. Let P, , P, ,..., P,, 2 be points of F)“(k), n 2 2, in 
uniform position and let Z = I, @ I, @ . . . be the ideal of these points. 
Then Z = (I,) and so v(Z) = (n + 2)(n - 1)/2. 
ProojI The proof is elementary but tedious. We omit it. 
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